that for each three distinct points x, y, z of M at least two of these points see a common point p of A. Then M = SiA).
Proof. Letg£M.
Since Mis connected, there exist sequences {xn} and {y"\ which converge to q and such that for each ra, the points x", yn and q are distinct. The hypothesis implies that, for each n, at least one of the points xn or yn sees a point pn(E.A. Since A is compact, a subsequence [p,l } of \pn] can be found which converges to pa(E.A together with a corresponding subsequence (say {x"' }) of one of the sequences {x"} or {yn} such that Xnpn dM. Then every point of qpa is a limit point of points on the segments xlp,[, and since M is closed, qp«CM. Thus M = SiA).
Theorem.
Let M be a closed subset of Er which satisfies Condition A with respect to a line segment Si. Then M is the union of at most two star-shaped sets.
Proof. Assume that M is connected since the case where M consists of two components has already been discussed. For each positive integer k, divide Si into 2k closed subintervals Ij (j =1,2, ■ ■ ■ , 2k) of equal length and with at most end points in common. Then Condition A guarantees the existence of a pair of these intervals 7r and 7, such that at least two of every triple of points of M see a common point of 7rW7, via M. If for any k, it is possible to choose a pair 7r and 7, with I, = IT and still preserve this property, we do so. By the lemma, Af = S(7r)VJS(7s). Then for each k, define 7r = 7* and I. = Jk. It follows that for each k, M = SiIk)\JSiJk).
For each k, select points x*£7/t and yk(E.Jk. Since Si is compact, we select subsequences {xn} of {xk} and {yn} of {yk} which converge to Xo£Si and yo£Si respectively.
We now show M = S(x0)WS(y0)-Let p be an arbitrary point of M. By the lemma and the definitions of In and Jn, p sees a point Zn£7"W/" for each n. Without loss of generality we may assume that p sees z"£7" for infinitely many ra. Let « be any positive number and define U and V to be the respective intersections of Si with e and e/2 spherical neighborhoods of x0. Since {xn} converges to x0, there exists an integer TVi such that if n> Ni, x"£ V. We select the integer N2 such that if n>N2, the length of 7n is less than e/2. Then for infinitely many w>max(TVi, N2), 7n££7 and pzn(ZM. Since p sees a point in every neighborhood of xo and M is closed, the segment pxoCZM. Thus each point of M sees at least one of the points x0 or y0 via a segment in M. If for every ra, 7" = In, then xo = yo and M is starshaped. If Xo5^yo, then M is the union of two star-shaped sets. Thus the proof is complete.
The following example shows that the assumption that M is closed cannot be deleted. Consider the union of two disjoint closed discs in the plane together with the segment joining their centers. From each disc delete all the points of a diameter not parallel to the line of centers excepting the end points and the center itself. The set described is M and Si is the intersection of the line of centers with M. Then M is not closed, satisfies Valentine's condition and Condition A, but it is not the union of two star-shaped sets.
